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Reproducibility?

o Getting bitwise identical result for every p-parallel run; p>1
@ Reproducibility # accuracy

(_Run mode Sequential 2 procs 4 procs 8 procs )

Original code -
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Reproducibility?

o Getting bitwise identical result for every p-parallel run; p>1

@ Reproducibility # accuracy

(_Run mode Sequential 2 procs 4 procs 8 procs )
Non-reproducible @ - -
original code
accuracy reproducibility
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Reproducibility?

o Getting bitwise identical result for every p-parallel run; p>1

@ Reproducibility # accuracy

Motivation:
@ Reproducibility failures in numerical simulation in many domains

o Debug, validate, test and receive legal agreement

N



Reproducibility failure of one industrial scale simulation code

open TELEMAC-MASCARET

The mathematically superior suite of solvers

@ Simulation of free-surface flows in 1D-2D-3D hydrodynamics

@ 300 000 loc. of open source Fortran 90

@ 20 years, 4000 registered users, EDF R&D + international consortium
Telemac 2D

@ 2D hydrodynamics: Saint Venant equations

@ Finite element method, triangular element mesh, sub-domain
decomposition for parallel resolution

@ Mesh node unknowns: water depth (H) and velocity (U,V)
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Telemac-2D: a simple schematic test case

The gouttedo simulation
@ 2D-simulation of a water drop fall in a square basin
@ Unknown: water depth for a 0.2 sec time step
@ Triangular mesh of 8978 elements and 4624 nodes

Non-reproducible result!

Version original: Unknown, H

Version original: Unknown, H
Time step: 1, number of processors: 0

Time step: 1, number of processors: 2

3.642971: 20
3.394377(

15

3.145782¢
10
2.897188¢

2.648594:

2.400000( [5)

Sequential Parallel: 2 procs

3.64297136

3.39437709

3.14578281

2.89718854

2.64859427

2.40000000




A white plot displays a non-reproducible value

Sequential vs. parallel (2 procs)
time step = 1

Version original: Unknown, H
Time step: 1, number of processors: 0

Version original: Unknown, H
Time step: 1, number of processors: 2

3.642971: 20

3.394377¢

15 15
3.145782¢

10 10 '4
2897188
2.648504
2.400000¢

3.64297136

3.39437709

3.14578281

2.89718854

264859427

2.40000000




A white plot displays a non-reproducible value

Sequential vs. parallel (2 procs)

time step = 2

Version original: Unknown, H

Version original: Unknown, H
Time step: 2, number of processors: 0

Time step: 2, number of processors: 2
- r g v

20 29525561 20

2.842044¢

15 15
27315337

10 102
2.621022¢
255105112
2.400000¢

295255614

284204492

273153370

262102248

251051126

2.40000005
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A white plot displays a non-reproducible value

Sequential vs. parallel (2 procs)

time step = 3
Version original: Unknown, H Version original: Unknown, H
2 Time step: 3, number of processors: 0 3.860475¢ - Time ste : 3, number of processol 386047552
2.698114¢ | 2.69811485
15 15
[ Py k=
% 57
2.5357541 22 7 2.53575418
10 1
2.373393¢ 2.37339351
2.211032¢
2 2.0486721

2.21103284

2.04867217

Qe
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A white plot displays a non-reproducible value

Sequential vs. parallel (2 procs)

time step
20

Version original: Unknown, H
Time step: 4, number of processors: 0

Version original: Unknown, H
- Time step: 4, number of processors: 2
2.798809¢
2.633616¢
10

2.79880948
263361644
2.468423¢ 2.46842340
10
2.303230: 2.30323036
2.138037:
0 1.972844:

2.13803732

1.97284429

Qe
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A white plot displays a non-reproducible value

Sequential vs. parallel (2 procs)

time step = 5

Version original: Unknown, H

Version original: Unknown, H
20 2.748882: 2.74888220
2.605078¢ £ 260507808
15 i
e
2.461273¢ e 2.46127396
10 i
2.317469¢ 231746984
21736651 217366572
2.020861¢ 202086161




A white plot displays a non-reproducible value

Sequential vs. parallel (2 procs)

20

10f

Version original: Unknown, H
Time step: 6, number of processol

time step

2.709219¢
2.596900(
2.484580¢
23722611
2.259941¢

21476221

Version original: Unknown, H
Time ste|

2.70921956

2.59690007

2.48458059

2.37226110

2.25994161

214762212
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A white plot displays a non-reproducible value

Sequential vs. parallel (2 procs)
time step = 7

Version original: Unknown, H
: 7, number of processors: 0
: 2

Version original: Unknown, H
number of processors: 2

2 2.686694¢ 20 7 JDeaien: 1 2.68669468
™2.589528¢ 2.58952864
15 154
2.492362¢ 2.49236260
10
2.395196% 2.39519655
2.298030¢ 229803051
2.200864¢ 220086447

4/26



A white plot displays a non-reproducible value

Sequential vs. parallel (2 procs)

time step = 8

Version original: Unknown, H Version original: Unknown, H

ors - SRR 2 Time step: 8, number of roce)s:i)rs 2

20

25461641

10 10F

2.439803¢

2.333443¢

2.75888470

265252443

2.54616417

2.43980390

2.33344363

222708336
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A white plot displays a non-reproducible value

Sequential vs. parallel (2 procs)
time step = 9

Version original: Unknown, H Version original: Unknown, H

Time step: 9, number of processors: 0 Time step: 9, number of processors: 2

20 AR 20 1 22
2.838060¢ 2

L 2.719754¢ B 2.71975400
2.601448] 2.60144818

10
2.483142; 2.48314227
2.364836: 2.36483636
2.246530¢ o) 2.24653045
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A white plot displays a non-reproducible value

Sequential vs. parallel (2 procs)

10

Version original: Unknown, H
Time step: 10, number of processors: 0

time step = 10

2.809996:

2.701982(

2.593967¢

2.4859537

2.377939%

2.269925:

Version original: Unknown, H
Time step: 10, number of processors:

20

2.80999626

2.70198207

259396788

2.48595370

237793951

2.26992533
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A white plot displays a non-reproducible value

Sequential vs. parallel (2 procs)

time step = 11

Version original: Unknown, H

Version original: Unknown, H
Time step: 11, number of processors: 2

Time step: 11, number of processors: 0

20 g 20
28017711 2.80177117
35 27036331 42.70363319
26054952 260549520
10
25073572 250735722
24092192 240921924
23110812 231108125
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A white plot displays a non-reproducible value

Sequential vs. parallel (2 procs)

time step = 12

Version original: Unknown, H
Time step: 12, number of processol

Version original: Unknown, H
Time step: 12, number of processors: 2

20 20
2.939191: 293919137
15§
2.818400¢ 2.81840066
2.697609¢ 269760994
10
m 2.576819: u 2.57681923
24560288 245602852
2.335237¢ 233523781




A white plot displays a non-reproducible value

Sequential vs. parallel (2 procs)

time step = 13

Version original: Unknown, H
Time step: 13, number of processors: 0

20 3.050610¢
2.8865732
15
2.722535¢
10
2.5584977
2.394459¢
2.2304221

20

Version original: Unknown, H
Time step: 13, number of processors: 2

20

10

3.05061098

2.88657322

2.72253546

255849770

2.39445994

223042218
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A white plot displays a non-reproducible value

Sequential vs. parallel (2 procs)

time step = 14

Version original: Unknown, H
Time step: 14, number of processors: 0

Version original: Unknown, H
2.9325331 I step: 14, nu?

e

20

T

2.786511¢

o %
N P -
i sy
S % 2
2.640490 535 % R
‘ T i e
2 Ee
10 Aot S8 niii
e o
o G il
2.494468% o LA LERETAraRe s
5% A 27
; 2 S S, s
o
5 S 2
G -
2.348047¢ e i
iy s
2.202425¢ s

20

293253317

2.78651163

2.64049009

2.49446855

2.34844701

220242547




A white plot displays a non-reproducible value

Numerical reproducibility ?

time step = 15

Version original: Unknown, H
Time step: 15, number of process:

Version original: Unknown, H

20 2.666292¢ B 266629260

2.578078: 257807827
5 %
%

2.489863¢ i % 2.48986394
10 i &
s 7

2.401649¢ i 2.40164961

2.313435; = 231343528

o 2.225220¢ 222522094
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A white plot displays a non-reproducible value

Numerical reproducibility 7
time step = 15

Version original: Unknown, H
Time step: 15, number of processors: 0

Version original: Unknown, H
Time step: 15, number of processors: 2

20 2.666292¢ 20 2 2.66629260
25780782 257807827

15 15
2.489863¢ 2.48986394

10 10
2.401649¢ 240164961

5
23134352 231343528
2.225220¢ 0, 222522094
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Weakness of floating point arithmetic

@ Rounding errors, non associative floating-point addition

@ The computed values depend on the operation order

Parallel reduction: undefined reduction order = non-reproducibility
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Weakness of floating point arithmetic

@ Rounding errors, non associative floating-point addition
@ The computed values depend on the operation order

Compensation principle

(a@b)@(cdd))ver Derde)=((a@b)@c)@d)B((hoh)oh)
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Rounding errors are computed with error-free

transformations

function [x,y] = 2Sum(a,b)
x=adb
z=x60©a
y=(@o(xoz)e(boz)

function [x,y] = 2Product(a,b)

x=a®b

[ah, al] =Split(a)

[bh, bl] =Split(b)

y = (al@bls(((x©ah.bh)©al .bh)S ah.bl))

v

function [ah,al] = Split(a)

c=2+1®a
ah=ce(csa)
al =ac ah

— X

6/26



Plan

© Reproducibility failures in a finite element simulation



Finite element assembly: the sequential case
The assembly step: V(i) = 27, W, (i)

@ computes the inner node values V/(/)
@ accumulating local W, for every el that contains i

The assembly loop:
for dp = 1, ndp //dp: triangular local number (ndp=3)
for el = 1, nel
i = IKLE(el, dp)
V(i) = V(i) + W(el, dp) //i: domain global number
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Finite element assembly: the sequential case
The assembly step: V(i) = 27, W, (i)

@ computes the inner node values V/(/)
@ accumulating local W, for every el that contains i

The assembly loop: managing local vs. global numbers

for dp = 1, ndp //dp: triangular local number (ndp=3)
for el = 1, nel
i = IKLE(el, dp) <-- LOOP INDEX INDIRECTION

V(i) = V(i) + W(el, dp) //i: domain global number
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Finite element assembly: the parallel case

Parallel FE: sub-domain decomposition

IP assembly: communications and reductions
V(i) = ZDk V(i) for sub-domains Dy, k=1...p J

Exact arithmetic

sequential parallel

D1 D2

L

V(i) =a Vp, (i) = b Vp,(i) = c

Interface point assembly

V(i)=b+c=a
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Finite element assembly: the parallel case

Parallel FE: sub-domain decomposition

IP assembly: communications and reductions
V(i) = ZDk V(i) for sub-domains Dy, k=1...p J

Floating point arithmetic

sequential parallel

D1 D2

L

V(iiy=32a Vp, (i) = b Vp,(i)=¢
Interface point assembly
V(i)=boe+#3
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© Reproducibility failures in a finite element simulation

@ Sources of non-reproducibility in Telemac-2D



Sources of non reproducibility in Telemac-2D

Culprits: theory
© Building step: finite element assembly

@ Solving step: parallel matrix-vector and dot products
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Sources of non reproducibility in Telemac-2D

Culprits: theory
© Building step: finite element assembly

@ Solving step: parallel matrix-vector and dot products

Culprits: practice = optimizations
@ Interface point assembly and linear system solving are merged

@ Element-by-element (EBE) storage of matrix
o No BLAS parallel matrix-vector product
e Everything is vector, no matrix!
@ Wave equation, “mass-lumping” and associated algebraic
transformations
e Many diagonal matrices
o Everything is vector, no matrix!



Sources of non reproducibility in Telemac-2D

G =B, — AupH,

G =B, — AuH.
Interface point assembly:
G, G

Solution U,V

Solution H

diagonal resolution

conjugate gradient

System equation Ay = b

()-(8)

wave equation

)(2)-(2)

A
0
0

Aph
Auh
Avh

0o o
Ay 0
0 A3
Apy  Apy
Aws O
0 A

FE assembly +

)

. 1\
Interface point assembly:
Aj in each iteration
J

Az, A3

A1, G

Az, As : diagonal matrices,

AL = Aph — ApuAy  Auy — An Az Ay,
Ci = By — AnAy By — An A By,
Interface point assembly:

Ay A3, G

algebraic computation

Mesh (elements, nodes)

Discretization

Continuous domain

10/26



Sources of non reproducibility in Telemac-2D

Solution U,V

diagonal resolution
Solution H
conjugate gradient

System equation Ay = b

AL 0 0 H 1
0 A o0 u G
0 0 A
Aph Apa A\ (H
Ay Auws O ul =
Ay 0 An) \V

FE assembly +

algebraic computation

Mesh (elements, nodes)

Discretization

Continuous domain

G =B, — AupH,
G =By, — AyH.

Az, As : diagonal matrices,
AL = Aph — ApuAy  Aun — An Az Au,
C1 = By — ApAy By — An A3 1B,

Interface point assembly: Az, A3
G, G
. 1\
Interface point assembly: H
Api h iterati
1 in each iteration ] Ve

Interface point assembly:
Az, Az, G

Objective

Correct sources of non-reproducibility

to compute reproducible system and solutions
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© Recovering numerical reproducibility



Recovering reproducibility in Telemac2D

Sources
o FE assembly: diagonal of matrix and second member
@ Resolution: matrix-vector and dot products

@ Wave equation: algebraic transformations and diagonal resolutions

Reproducible resolution: principles
vector V — [V, Ey] = V + Ey
Computes Ey in the FE assembly of V

Propagates Ey over each V operation

Compensates all nodes while assembling the Interface Point

Compensates the MPI parallel dot products that include MPI reduction

v
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© Recovering numerical reproducibility
@ Finite element assembly



Reproducible FE assembly

o Contribution W(i) for every element el belonging to the node i

Original FE assembly: V(i) =) We (1)

elements

V(i) = Wen, (i) + Wep, (i) + - - + W, (1)

Reproducible FE assembly: V(i) = ReprodAss jements Wer (/)

V(i) = Wen (1) + Wep () + - - - + Wey,, (1)
i Lol

€1 € €ni

Ev(i) =€+ e+ + €éni-1
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Reproducible interface point assembly

@ /is an interface point of Dy, Do, -+, D)1, Dy

Original IP assembly: V(i) =>_p, V(i)

V(i) = Vo, (1) + Vi, (1) + -+ - + Vi, _, (1) + Vi, (i)

Reproducible IP assembly: V(i) = ReprodAssp, V(i)

V(i) = Vp, (i) + Vp,(i) +--- + Vp,_, (i) + Vip, (i)
{ { {
01 ) Ok—1

Ey (i) = (Evp, (i) + Evp, (1) +61) + -+ (Evp,,_ (i) + Evyp, (i) + Sk—1)

The compensation V + Ey
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© Recovering numerical reproducibility

@ Algebraic operations



Reproducible vector algebraic operations

@ In the library BIEF of Telemac (Blbliothéque d’Eléments Finis)
@ Entry-wise vector ops: copy, add, sub, Hadamard prod,...
@ Applies also for diagonal of matrix

e Propagate rounding errors to compensate while assembling IP

Ex. Hadamard product

Reproducible version

Original version [V,Ey] = [X,Ex] o [Y,Ey]

V(i) = Y(i)o Z(i)

with:
[V (i), e(i)] = 2Prod(X (i), Y(i)),

Ey=XoEy+YoEx+e

14 /26



Partially reproducible Telemac-2D

diagonal resolution:

What is reproducible now? G = By — AuH,
. ] G =B, — AyH.
o Most Of the Imear syStem' Interface point assembly: Az, A3
o FE assembly oG
e algebraic vector operations Solution UV
e interface point assembl conjugate gradient :
P y Interface point assembly: H
(] EXCEpt: A1d in each iteration
~ SsoltionH ) A1G

o the matrix of the H system
e its dependencies: the second wave equation:
members of the U and V systems Az, As : diagonal matrices,

A1 = Apy — AnuA3 Auh — An A3 A,
What else?

Ci = By — ApAy ' By — An A3 ' By,
H d Interface point assembly:
@ conjugate gradient
Az, A3, G
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© Recovering numerical reproducibility

@ Linear system resolution



Towards a reproducible conjugate gradient

A=[Aq, EA117
B=C;y

(Initialization:
0 = Ax° — B; a given d°
0o 40
00 = (" d7) ; X1 = X0 _ 040
(Ad9, d9)

Iterations until stopping criterion:

mo_ rmfl _ pmflA(;m—;L
m m
dm — ,m (r o r ) gm—1
(rm—lyrm—l)
o (rm, d™)
(d™, Ad™)
L Xm+1 —xm _ pmdm

Non-reproducibility: sources

©® EBE matrix-vector product

@ Dot product
o MPI reduction

—> X=H

e the weighting of interface point shared by p sub-domains
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The EBE storage

nel
M=D+ Z Xof
el=1
@ nodes i € [1, np], elements el € [1, nel], element vertices i1, ir, iz € el

@ M is decomposed as:

@ diagonal D[np]

@ elementary extra-diagonal X.[6]
Xiyia(el)  X; i3(el)
Xop = | Xipia(el) Xiyiz(el)
Xizyin(el)  Xizia(el)
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The EBE storage

nel
M=D+>" X
el=1
@ nodes i € [1, np], elements el € [1, nel], element vertices i1, p, iz € €l

@ M is decomposed as:

@ diagonal D[np]

@ elementary extra-diagonal X¢[6]
X = [X(el,1),--- X(el,6)]
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The EBE storage

nel
M=D+ Z X
el=1
e nodes i € [1, np], elements el € [1, nel], element vertices i1, ir, i3 € el

@ M is decomposed as:

@ diagonal D[np]

@ elementary extra-diagonal X[6] — 6 x nel

X = [Xens+++ Xet,

17 /26



The EBE Matrix-Vector product

nel
RES=M-V=D-V+> X Ve
el=1

Steps of the EBE Matrix-Vector product

Q icinp] Ru(i) = D(i) - V(i)
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The EBE Matrix-Vector product

nel

RES=M-V=D-V+> X Ve

el=1
Steps of the EBE Matrix-Vector product
Qicinp Ru(i) = D(i) - V(i)
Q ol c [, nell Xe Vs = [X(el,1).V(in), X (el,2).V(i3), - -- X (el 6).V(in)]
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The EBE Matrix-Vector product

nel

RES=M-V=D-V+> X Ve

el=1
Steps of the EBE Matrix-Vector product

Qicinp Ru(i) = D(i) - V(i)
Q ol c [, nell Xet. Ve = [X(el,1).V(in), X (e, 2).V(i3), - -- X (e, 6).V(i»)]
© FE assembly to a vector Ry[np]

nel

Ry=Y Xer- Ve
el=1
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The EBE Matrix-Vector product

nel

RES=M-V=D-V+> X Ve

el=1
Steps of the EBE Matrix-Vector product

Qicinp Ru(i) = D(i) - V(i)
Q ol c [, nell Xet. Ve = [X(el,1).V(in), X (e, 2).V(i3), - -- X (e, 6).V(i»)]
© FE assembly to a vector Ry[np]

nel

Ry=Y Xer- Ve
el=1

Q RES=Ri+R;
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The EBE Matrix-Vector product

nel
RES=M-V=D-V+> X Ve
el=1

Steps of the EBE Matrix-Vector product

Q icltnm Ri(i) = D(i) - V(i)
Q ol c [, nell Xet. Ve = [X(el,1).V(in), X (e, 2).V(i3), - -- X (e, 6).V(i»)]

© FE assembly to a vector Ry[np]

nel
Ry=Y Xer- Ve
el=1
Q RES=Ri+R
© wheniisanIP RES(i) = >_p, RES(i)
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The EBE Matrix-Vector product

nel
RES=M-V=D-V+> X Ve
el=1
Steps of the EBE Matrix-Vector product
Q ic1npl Ri(i) = D(i) - V(i)
Q el €[1,nel Xet. Ve = [X(el,1).V(ix), X(el,2).V(i3),--- X(el,6).V(ix)]
© FE assembly to a vector Ry[np]
nel
Ry=Y Xer- Ve
el=1
Q@ RES=R,+ R
IP assembly
O wheniisanIP RES(i) = RESp, (i) + RESp, (i) + - -- + RESp, }(i)+RESDk(i)J

18/26



Reproducible matrix-vector product

Original matrix-vector product

@ RES=D -V + 3" X Vy

o RES(i) = Y p, RES(i)

Reproducible matrix-vector product

o [RES, ERES] [D ED] oV + ReprodAsse, 1 Xet - Ve
o RES(i) = ReprodAssp, [RES(i), Eres (/)]

@ The compensation RES + Ergs

19/26




Towards a reproducible conjugate gradient

Non-reproducibility: sources and solutions
©® EBE matrix-vector product
e reproducible FE and IP assembly

@ Dot product
o MPI reduction :

a parallel version of the compensated dot2

o The IP weighting : (1/k,1/k,...,1/k) — (1,0,...,0)

A=[As, EA1]7
B=C;

Initialization:

r® = AX® — B; a given d°

0o 40
o d
po=( );X1=X°7p°d°
(AdO, dO)
Iterations until stopping criterion:
mo_ rm—l _ pm_IAdm71
(rm, ™)

dm — ,m m—1
,mflyrmfl)
(rm,d™)

(dm, Adm)

Xm+l _ xm _ ,mgm

pMm =

—> X=H

Reproducible operations — Reproducible results
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Towards a reproducible conjugate gradient

Non-reproducibility: sources and solutions
©® EBE matrix-vector product
o reproducible FE and IP assembly
@ Dot product
o MPI reduction : a parallel version of the compensated dot2
o The IP weighting : (1/k,1/k,...,1/k) — (1,0,...,0)

Initialization:

= AX®°_B; a given d°
o o
o (r~,d7) 1 o_ 0,40
= 200 X = X0 04
777 (ad0, a0) ?

Iterations until stopping criterion:

A=[A1, Ea,l o gme1 metpgmo ——> X=H
dm — ,m wdrﬂfl
B=C; (rm—1, ym—1)
(rm,d™)

(dm, Adm)
Xm+1 — mepmdm

p™m =

Same errors in the compensated values

for both sequential and parallel executions 2026



Reproducible gouttedo

Telemac-2D finite element method

diagonal resolution:
G =By — AupH,
G=B,—AnH.

Interface point assembly: Az, Az

Solution U,V

conjugate gradient :
Interface point assembly: H

A1d;in each iteration

~ SolutionH AnC

wave equation:
Az, As:diagonal matrices,

A1 = App — ApAy Ak — An AT Ay,

Ci = By — AnAy By — An A3 By,
Interface point assembly:
Az, As, G

Maximum Relative Error vs. Sequential Computation

10°

1010

1012

101

10

1018

Run mode equential procs

Do

Non-reproducible
original code

4 procs

8 procs

Reproducible
code

accuracy

reproducibility

Maximum relative error, gouttedo test case

rep

€-8-9-3-50cc-¢c-¢e-9-3-90 € ¢

®—a COMP P=2
oo COMPP=4
®-e CoMPP=8

10
Time step

15

20
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No white spots = reproducibility everywhere

Version comp: Unknown, H
Time step: 1, number of processors: 0

Version comp: Unknown, H
Time step: 1, number of processors: 4

Time step 1

3.64297136

3.39437709

314578281

2.89718854

2.64859427

2.40000000

3.64297136

339437709

314578281

2.89718854

2.64859427

2.40000000

Version comp: Unknown, H
Time step: 1, number of processors: 2

20

Version comp: Unknown, H
Time step: 1, number of processors: 8

3.64297136

3.39437709

3.14578281

2.89718854

2.64859427

2.40000000

3.64297136

3.39437709

3.14578281

2.89718854

2.64859427

2.40000000

N
N

N



No white spots = reproducibility everywhere

Version comp: Unknown, H
Time step: 2, number of processors: 0

Version comp: Unknown, H
Time step: 2, number of processors: 4

Time step 2

2.95255614

2.84204492

273153370

262102248

2.51051126

2.40000005

2.95255614

2.84204492

273153370

2.62102248

2.51051126

2.40000005

Version comp: Unknown, H
Time step: 2, number of processors: 2

Version comp: Unknown, H
Time step: 2, number of processors: 8

2.95255614

2.84204492

273153370

2.62102248

251051126

2.40000005

2.95255614

2.84204492

273153370

2.62102248

2.51051126

2.40000005



Version comp: Unknown, H
Time step: 3, number of processors: 0

10

5 10 15 20

p=4

Version comp: Unknown, H
Time step: 3, number of processors: 4

10

Time step 3

2.86047552

2.60811485

2.53575418

2.37330351

221103284

2.04867217

2.86047552

2.60811485

2.53575418

2.37330351

221103284

2.04867217

No white spots = reproducibility everywhere

Version comp: Unknown, H
Time step: 3, number of processors: 2

10 20

Version comp: Unknown, H

2 Time step: 3, number of processors: 8

2.86047552

2.69811485

253575418

2.37330351

221103284

2.04867217

2.86047552

2.69811485

253575418

2.37330351

221103284

2.04867217

Qe
22 /26



No white spots = reproducibility everywhere

Version comp: Unknown, H
Time step 4, humber of processors: 0

p=4

Version comp: Unknown, H
Time step: 4, number of processors: 4

Time step 4

2.79880948

2.63361644

2.46842340

2.30323036

2.13803732

1.97284429

2.79880948

2.63361644

2.46842340

2.30323036

2.13803732

1.97284420

Version comp: Unknown, H
Time step: 4, number of processors: 2

Version comp: Unknown, H

o Time step: 4, number of processors: 8

2.79880948

2.63361644

2.46842340

2.30323036

2.13803732

1.97284429

2.79880948

2.63361644

2.46842340

2.30323036

2.13803732

1.97284429

Qe
22 /26



No white spots = reproducibility everywhere

Time step 5 p=2

Version comp: Unknown, H
tep: 5, number of processors

p=1

Version comp: Unknown, H
tep: 5, number of processor:

20 274888220 20 274888220
2.60507808 2.60507808
15 15
2.46127396 2.46127396
10 10|
2.31746984 2.31746984
2.17366572 2.17366572
2.02986161 2.02986161
Version comp: Unknown, H Version comp: Unknown, H
step: 5 b : 5 bel essors:
20 S 274888220 20 274888220
2.60507808 2.60507808
15 15
2.46127396 2.46127396
10 10,
2.31746984 2.31746984
2.17366572 2.17366572
2.02986161 2.02986161
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Version comp: Unknown, H
Time step: 6, number of processors

Version comp: Unknown, H
Time step: 6, be ssors: 4

Time step 6

2.70921956

2.59690007

2.48458059

2.37226110

2.25994161

2.14762212

2.70921956

2.59690007

2.48458050

2.37226110

2.25994161

2.14762212

No white spots = reproducibility everywhere

ion comp: Unknown, H
: 6, number of processors: 2

Versi
Time stej

ion comp: Unknown, H
: 6 be: essors: 8

Versi

270921956

2.59690007

2.48458050

2.37226110

225994161

214762212

270921956

2.59690007

2.48458050

2.37226110

225994161

214762212

22 /26



p=1

Version comp: Unknown, H
tep: 7, number of
20 > e < 268669468
258052864
15
249236260
10
V‘ 2.39519655
229803051
220086447
Version comp: Unknown, H
20 Time <tep: 7, number of processors: 4 SR
258052864
15
249236260

I‘ 2.39519655
2.20803051

220086447

Time step 7

No white spots = reproducibility everywhere

p=2

Version comp: Unknown, H

e step: 7,

number of processo

2.68669465

258952864

2.49236260

2.39519655

2.20803051

220086447

2.68669468

258952864

2.49236260

2.39510655

220803051

220086447

22 /26



No white spots = reproducibility everywhere

p=1

Version comp: Unknown, H

Version comp: Unknown, H

Time step: 8, number of processors: 0

ime step: 8, number of processors: 4

Time step 8

2.75888470

2.65252443

2.54616417

2.43980390

2.33344363

222708336

2.75888470

2.65252443

2.54616417

2.43980390

2.33344363

222708336

Version comp: Unknown, H
Time step: 8, number of processors: 2
7 R

20 =

Version comp: Unknown, H
ime step: 8, number of processors:
7 T

20

275888470

265252443

254616417

2.43980300

2.33344363

222708336

2.75888470

2.65252443

254616417

2.43980300

2.33344363

222708336

22 /26



No white spots = reproducibility everywhere

2

Version comp: Unknown, H
Time step: 9, number of processors: 2

P

Time step 9

3
8
H
8
H
2
8

2.83806000

number of processors: 0

T
<
-3
3
e

b
T

H
.
£
S
S
c
4
g
S

Time step: 9.

271975409

2.71075409

2.60144818

2.60144818

2.48314227

2.48314227

2.36483636

2.36483636

224653045

224653045

2.83806000

Version comp: Unknown, H
Time step: 9, number of processors: 8

2.83806000

, number of processors: 4

Version comp: Unknown, H

Time step: 9,

271975409

2.71075409

2.60144818

2.60144818

2.48314227

2.48314227

2.36483636

224653045

S

RHHSR

2.36483636

2.24653045

22 /26



No white spots = reproducibility everywhere

p=1 Time step 10 p=2
Version comp: Unknown, H
Time step: 10, number of processors: 2

Version comp: Unknown,
me step: 10, number of processors: 0

2.80999626 20

2.70198207
15 15
2.59396788
10 10
2.48595370
2.37793051
226092533

p=4 p=38

Version comp: Unknown, H
me step: 10, number of processors: 4

Version comp: Unknown, H
e step: 10, number of processors:
280999626 20 e Stee: L erofh L

2.70198207
15 15
2.59396788
10 10
2.48595370
2.37793051
226092533

2.80999626

2.70198207

2.59396788

2.48595370

2.37793051

226902533

2.80999626

270198207

2.59396788

2.48595370

2.37793051

226902533

22 /26



No white spots = reproducibility everywhere

Version comp: Unknown, H
Time step: 11, number of processors: 0
£ o

20
2.80177117
5 2.70363319
2.60549520
10
‘L 2.50735722
2.40021024
2.31108125
Version comp: unknown, H
- Time step: er of pracessors: 4
2.80177117
L “|2.70363310
2.60549520
10
2.50735722
2.40021024
2.31108125

Time step 11 p=2

Verslan comp unkncwn H
Time step: 1 processors: 2

Version comp: Unknown, H
Time step: 11, ber of processors: 8

2.80177117

270363319

2.60549520

250735722

2.40021024

231108125

2.80177117

270363319

2.60549520

2.50735722

2.40921024

231108125

22 /26



No white spots = reproducibility everywhere

p=1 Time step 12 p=2

wn, H Version comp: Unknows
Time step: 12, number of processors: 0
%

wn, H
Time step: 12, number of processors: 2

20 20
293919137

= 281840066 &
2.69760094

10 10|
257681023
245602852
233523781

Version comp: Unknown, H
p: 12, number of processors: 4
=

Version comp: Unknown, H
Time <tep: 12, number of proceszors:

20 20
293019137

= 281840066 -
2.69760094

10 10|
257681023
245602852
233523781

2.93910137

2.81840066

2.69760004

2.57681923

2.45602852

2.33523781

2.93910137

2.81840066

2.69760004

257681023

2.45602852

2.33523781



No white spots = reproducibility everywhere

Version comp: Unknown, H
Time step: 13, number of processors: 0
e ;.

Version comp: Unknown, H
Time step: 13, number of processors: 4

Time step 13 p=2

3.05061098

2.88657322

272253546

2.55849770

2.39445994

223042218

3.05061098

2.88657322

272253546

2.55849770

2.39445994

223042218

Version comp: Unknown,

H
2 Time step: 13, number of processors: 2 « (EELGEB

M 2 58657322
272253546
e
2.30445904

223042218

Version comp: Unknown, H

2 Tme step: 13, number of processors: & < SEELGEE

288657322
272253546
255849770
230445904

223042218

22 /26



No white spots = reproducibility everywhere

Version comp: Unknown, H
me step: 14, number of processors: 0

Version comp: Unknown, H
Time step: 14, number of processo

Time step 14

2.93253317

2.78651163

2.64049009

2.49446855

2.34844701

220242547

293253317

2.78651163

2.64049009

2.49446855

2.34844701

220242547

Version comp: Unknown, H
Time step: 14, number of processors: 2

20

Version comp: Unknown, H

2 Time step: 14, number of processors: 8

293253317

278651163

2.64049009

2.49446855

2.34844701

220242547

293253317

278651163

2.64049009

2.49446855

2.34844701

220242547

22 /26



No white spots = reproducibility everywhere

Version comp: Unknown, H
Time step: 15, number of processo
£ -

Version comp: Unknown, H

Time step: 15, number of processors: 4
B 7

s

Time step 15

2.66620260

2.57807827

2.48986394

2.40164961

2.31343528

2.22522004

2.66620260

2.57807827

2.48986394

2.40164961

2.31343528

222522004

Version comp: Unknown, H
step: 15, number of processors:

20

Version comp: Unknown, H
Time step: 15, number of process
1L :

266629260

257807827

2.48986394

2.40164961

2.31343528

222522004

266629260

257807827

2.48986394

2.40164961

2.31343528

222522004

22 /26
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Runtime extra-cost for reproducible simulations

Measures, test case and mesh size
@ hardware cycle counter: rdtsc
o Telemac v7.2, gouttedo
@ mesh sizes: 4624, 18225, 72361

Hardware and software env.

@ socket: Intel Xeon E5-2660 2.20GHz (L3 cache = 20 M)

@ 2 sockets of 8 cores each
o GNU Fortran 4.6.3, -03
e OpenMPI 1.5.4

@ Linux 3.5.0-54-generic

#£nodes
#P | 4604 | 18225 | 72361
a2 72 143 280
g 4 304 674 1368
% 8 501 1152 2020

23/26



The core runtime extra-cost for reproducible gouttedo
The core: no input/output, just building and solving steps

Telemac v7, gouttedo

10% . . :
@@ Original, #nodes= 4624
Bl Reproducible, #nodes= 4624
@@ Original, #nodes= 18225
Bl Reproducible, #nodes= 18225
@@ Original, #nodes= 72361
1011 Bl Reproducible, #nodes= 72361
0
< 0
1
107 b
[9
#
10°F
10°

# processors
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© Conclusion and work in progress



Conclusion

Feasibility

Sources of non-reproducibility in a FE simulation?
How to recover reproducibility? How easily?

Compensation yields reproducibility here!

Other existing techniques are also less or more efficient.

N
]

N



Conclusion

Feasibility
@ Sources of non-reproducibility in a FE simulation?
@ How to recover reproducibility? How easily?
@ Compensation yields reproducibility here!

@ Other existing techniques are also less or more efficient.

Efficiency
@ How much to pay for reproducibility?

@ x1.2 <» x2.3 extra-cost which decreases as the problem size increases

N
]
N



Conclusion

Reproducibility at the large scale: the open-Telemac case

@ The test cases are significant enough to validate the methodology

@ Integration in the next open-Telemac version is in progress



Conclusion

Reproducibility at the large scale: the open-Telemac case

The test cases are significant enough to validate the methodology

Integration in the next open-Telemac version is in progress

Difficult to automatize

@ Pass the methodology to software developers



Merci pour votre attention




Demmel-Nguyen's reproducible sum (2013)

A parallel K-fold reproducible summation V[np]

o Exact sum of shrunks defined thanks to:
e max|v;| and np
@ 2 reductions : max and sum

o K-fold process = more accuracy

M =27
o = f(max(V), n)

—

110

First fold exact result



Demmel-Nguyen's reproducible sum (2013)

A parallel K-fold reproducible summation V[np]

o Exact sum of shrunks defined thanks to:
e max|v;| and np
@ 2 reductions : max and sum

o K-fold process = more accuracy

M =27 M =20

jo = f(max(V),n) B=f(M,n)
1 I 1
1 1 ! |
1 1 1
[ 1 1
1 I 1
1 1 1
1 1 "
1 1 1
1 I 1
1 1 |
1 1 1
1 | 1
1 1

First fold exact result Second fold exact result



Demmel-Nguyen's reproducible sum (2013)

The assembly loop:

for dp = 1, ndp //dp: triangular local number(ndp=3) for el
= 1, nel i = IKLE(el, dp) V(i) =
V(i) + W(el,dp) //i: domain global number

Loop index indirection forces

@ 2 iterations nel x ndp

© recover max We (i)

@ reproducible accumulation V(i)
@ 2 communications by IP

© share max W (i)
@ assemble V(i)




Demmel-Nguyen's reproducible sum (2013)

The assembly loop:

for dp = 1, ndp //dp: triangular local number(ndp=3) for el
= 1, nel i = IKLE(el, dp) V(i) =
V(i) + W(el,dp) //i: domain global number

Loop index indirection forces

@ 2 iterations nel x ndp

© recover max We (i)

@ reproducible accumulation V(i)
@ 2 communications by IP

© share max W (i)
@ assemble V(i)




Finite element assembly: the parallel case

Parallel FE: sub-domain decomposition

IP assembly: communications and reductions
V(i) =>_p, V(i) for sub-domains Dy, k = 1...p

Original interface point assembly (practically)
Vp, (i) = Vp, (i) + Vp,(i) +--- + Vp, , (i) + Vp, (i
(1) = Vo, (i) + Vb, (i) + - - - + Vp,_, (1) + Vp, (i
Vb, (i) = Vb, _, (1) + Vo, (i) + Vi, (i) + - - - + Vb, (i)
Vo, (1) = Vp, (i) + Vp, (i) + Vi, (i) + - - - + Vp,_, (V)

)
)

Vp, (i

AY

Reproducibility failure by varying k



Reproducibility of the conjugate gradient

© Reproducible matrix-vector product
© Reproducible dot product

e the weighting
e the MPI reduction



Reproducibility of the conjugate gradient

O Reproducible matrix-vector product
Original Matrix-Vector product

o RES=D-V+ Y0 Xy V
o RES(i) = >_p, RES(i)

Reproducible Matrix-Vector product
o [RES, Eres] = [D, Ep] o V + ReprodAss™® X, - V
o RES(i) = ReprodAssp, [RES(i), Eres(i)]
o RES + Egres

© Reproducible dot product

e the weighting
e the MPI reduction



Reproducibility of the conjugate gradient

© Reproducible matrix-vector product

@ Reproducible dot product
o the weighting

() () () () )

Original version

Zj Xj-yj + %Xi'}/i %x,-.y,- — rounding error!
DXy + %Xi-,\/i
Zt Xe-Yr + %/\i-,‘ﬁi

e the MPI reduction




Reproducibility of the conjugate gradient

© Reproducible matrix-vector product
@ Reproducible dot product
o the weighting

& D2

(-G )-()

Original version Reproducible version
> XiYi + $%-Yi 225 %i-Yi + 1%y
Z, Xp.yr + %X,-.y,- Z/ X[y + O_Xi-)/i
Do Xe Ve + %X;.y; D¢ Xeyr + 0%y

o the MPI reduction



Reproducibility of the conjugate gradient

© Reproducible matrix-vector product
@ Reproducible dot product

e the weighting
o the MPI reduction

Original dot product
o r, = dot(X,Y)

o r=all _reduce(ry)

Reproducible dot product
C [rP7 eP] = detQ(X7 Y)

o all_gather(ry, ep)

o r=Sum2(rp,ep)
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