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Introduction and context
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John Napier (aka Neper), 1550-1617

@ popularized the use of the point in
decimal notation
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@ Mirifici Logarithmorum Canonis
Descriptio (1614)
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John Napier (aka Neper), 1550-1617

@ popularized the use of the point in
decimal notation

@ Mirifici Logarithmorum Canonis
Descriptio (1614)

Celebrate a very specific year:
@ 400th anniversary of Napier's death
@ 6th logarithmic anniversary of the 1614 publication

. with three amazing presentations this morning,
now doubt they will trigger many others.
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1960 1980 2000

IEEE 754 % mainstream floating-point

32-bits mainstream integer

J. Le Maire, F. de Dinechin and J.-M. Muller Computing correctly rounded logarithm with fixed-point operations



1960 1980 2000

IEEE-754
32-bits 64-bits

mainstream floating-point

mainstream integer

J. Le Maire, F. de Dinechin and J.-M. Muller Computing correctly rounded logarithm with fixed-point operations



1960 1980 2000

IEEE 754 mainstream floating-point

32-bits 04-bits mainstream integer

An experiment
Implementing the floating-point logarithm function

@ using only integer arithmetic

@ for performance
(previous work motivated by lack of FP hardware)
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@ 064-bit floating-point, but only 52-bit precision
o if you can predict the value of the exponent, exponent bits are
wasted bits.
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@ 064-bit floating-point, but only 52-bit precision

o if you can predict the value of the exponent, exponent bits are
wasted bits.

@ modern 64-bit machines offer all sort of useful integer instructions

o addition
o multiplication 64x64 — 128 (mulq)
o count leading zeroes, shifts (Izent, bsr)
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@ 064-bit floating-point, but only 52-bit precision

o if you can predict the value of the exponent, exponent bits are
wasted bits.

@ modern 64-bit machines offer all sort of useful integer instructions

o addition
o multiplication 64x64 — 128 (mulg)
o count leading zeroes, shifts (Izent, bsr)

@ most operations are faster on integers, especially addition
(which more or less defines the processor cycle time)
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@ 064-bit floating-point, but only 52-bit precision

o if you can predict the value of the exponent, exponent bits are
wasted bits.

@ modern 64-bit machines offer all sort of useful integer instructions

o addition
o multiplication 64x64 — 128 (mulg)
o count leading zeroes, shifts (Izent, bsr)

@ most operations are faster on integers, especially addition
(which more or less defines the processor cycle time)

@ small multiprecision out of the box:
mainstream compilers (gcc, clang, icc) support int_128

o addition 128x128 — 128 (add, adc)
o shift on two registers (shid, shrd)
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@ 064-bit floating-point, but only 52-bit precision

o if you can predict the value of the exponent, exponent bits are
wasted bits.

@ modern 64-bit machines offer all sort of useful integer instructions

o addition
o multiplication 64x64 — 128 (mulg)
o count leading zeroes, shifts (Izent, bsr)

@ most operations are faster on integers, especially addition
(which more or less defines the processor cycle time)

@ small multiprecision out of the box:
mainstream compilers (gcc, clang, icc) support int_128

o addition 128x128 — 128 (add, adc)
o shift on two registers (shid, shrd)

Caveat: integer SIMD /vector support still lagging behind FP
(no vector multiplication)
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y =In(x)
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@ In(ax b)=1In(a)+In(b)

y
y =In(x)
2,,
1,,
t t t t t t X
1 2 3 4 5 6 7
_1,,
_2,,
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@ In(ax b)=1In(a)+In(b)
@ In(b?) = a x In(b)

y
y =In(x)
2 1
1 1
X
_1 i
_2 i
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@ In(ax b)=1In(a)+In(b)
@ In(b?) = a x In(b)
@ Taylor: for x small, In(1+x) ~ x—x2/2+x3/3...

y
y =In(x)
2 1
1 1
X
_1 i
_2 i
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The natural logarithm is called log
(you will also find Log2 and log10 and a few others)

y

@ Range: Vx € Fgs log(x) € [—745,710]

o looks like a waste of exponent bits...
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The natural logarithm is called log
(you will also find 1og2 and logl0 and a few others)

y

@ Range: Vx € Fgs log(x) € [—745,710]
o looks like a waste of exponent bits...
@ Rounding

o Recommended: Vx € Fes log(x) = o(In(x))
o In practice: implementing this definition difficult and expensive, due
to the Table Maker's dilemma.
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The Table Maker's dilemma
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LOGARITHMICA a5
Tabulsiivoeutioni Logarishmorura dafirsienr.

¥ o Toooer i
I P fown | oottt
3 SATTIR1AT4T,2 toeoey 9,80001,31

+ ©,60205,99903 13 Toacog. 0400008,75714,3
H P Toseas

s |opmmnrria R

7| oasensepson taoce?

3 | cesckissiomg o %
7 | owriioshd Toocy | ooumsgobeng
| oeprpantims asoceot | o000m0,04369
12 | corprazse,s amso0ar | oys000,088l g
| oxisnaisz 3000005 | 6,00000,13028.8
4 0414412, 80355,8 icoscaq | eyomeecyizizrg
15 | orsepizpges B semocap | messseptizgy G
16 | ozepinggtass Too00cs | 00000260576
1 | amesntams omey | escecieqony
| sasmraree toococ | 00000347434
19| sarkyssenns acoacey | 0000035083
or | seegsnizang 20000001 | 00000004343
w2 | oeodSeorr, 3000003 | 0,00000,05868,5
103 | aorabpzisgrr T00c003 | ojomconorzeng
o | serrenasine 10090004, | ,60000,01737,2
so5 | oaithgaggens Sovoceof | o cosco,carzryy A
18 | eyrarae,siesnd 1000006 | o,00000,02805,8
107 | ozt soooceer | o,00s0m,e304e,
108 | oIS Tesocash | o 0000003474,
w0y | oomrendigTant oousoog | o,50mt0,0390E,6
Tesr | seeeqlgerrnk Tosconeer | 000000000434
rosa | 00086, 77285,3 105000003 | oyosen cocls,y
1003 | oeszaemszaa 165000863 | e,c00e0,00139,5
107y | eerzyizats 10000000 | oyoaseo,oarzs,r
1o0f | 000r16,805176 B totoosa0g | comencearzys I
1006 | gyeearsghora soscosnst | o,0000,00180,6
007 | cio0i0ngdzon,s sosc000cy | o,05900,50364,0
1c08 | 9,08346,65331,1 60080608 | o,00000,00147,¢
a0y | o003bg,11062,4 Toocsoeey | 2,5u050,00395,3
000 | ,00004,3 Tosoageat | e,c0cec,ca00q,3
1000 68503, 1 Tacesacec: oysasehy
Taos3 | ejocorsyeasti,x 1 3 | eosceoescrzo
aoced | oo5017,30830,8 [y put———
sa00f | oj008at,zc0ig7 E Tecooseoes oocaty
128 | e,00026,00985,5 eoosecees | o,caces,00020,1
10007 | ©,00030,3%997,8 Tocoaoooay | e,00000,00030,
30208 | =,00934,72986,9 Toaosoancd | 5,60206,00034,7
30009 | oyc0039,08893,5 Ioacoo0cag | ojs00c0 coeigt
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LOGARITHMICA a5
Tabulsiivoeutioni Logarishmorura dafirsienr.

T o0 Tocoet oy000 Y H ' . e
2 B e |ommme 1 @ | want 12 significant digits
3 | s towe3 | epsevor,jeatig
4 ©,60205,999°3 .3 recon ©,00001,73714,3
HE Peekdy towees | ooscenirigrd F
& | ezbuneria p e 5]
7| clasesisoscen tooser | ciocsusoigpry
3 | osescheting soeesh | csennazizty
Pz ooty | oocoongolezg
1 | opppastrs el R
12 o,07918,12460,5 10001 | o0000,0868 5,9
1| exusgaz 3000005 | 5,00000,13028.
u |- Jooocoy | momsenyiziziy
15 | orses,izypo,s B 1ss0sop | aypesscpiziay G
1998206 Toomocs | <e00006057.6
7 | sasepbiand oa0cz | yacongodony
B | eassrreio tocooch | o,00000,34743,4
15 | e asaosy | oje0000,35e83
w0 | oeedsnrmng 2000001 | cy000m0,004743
w2 | oeodSeorr, 3000003 | 0,00000,05868,5
103 | oomsinnt Toccsocs | oooconorzing.
o | serrenasine 0000004 | 6,50000,01737,2
205 Toseooeg | o ns H
105 | seannsiend Io00cs6 | crossementon
w7 | omitizmhe tosoceoy | opcesenyeasgeyt
108 | 63T sesessol | o 0000034744
[ pe e ooueoog | ojc0nem, 3ok,
Tesr | seeeqlgerrnk Tosconeer | 000000000434
so02 | oyoooitres. somaoscz | o,e00scontly
1o0f | sio0ise,e330a [ e ——-
ooy | eorrysorate 10000000t | apoases,aarry,y
toof | o,00215,50657,8 B Toteocoof | o,oceen,coarzr T
106 | spaarprghona sosencecd | o0500000tlios
aoar | oocianggros,s soscocecy | o,ecses,catpe
1c08 | 9,08346,65331,1 60080608 | o,00000,00147,¢
a0y | o003bg,11062,4 Toocsoeey | 2,5u050,00395,3
sast | a0 [l pr—
zo002 * Tacomaceca | ooeenacets
Taces | epocorsonst,x Tacosaoec | oo00e0icecrrie
Toc0g | oe5017,30830,6 fressosevl prsssi
s0cof | opeesitzecis,y E tocomseocs | eoocoocaty K,
Tasof | e,00026,04985,5 Toomeeceed | ©,00000,00026,1
soc0r | eomsoglesn, Tocooooeoy | esamoonoio
2008 | mmwang23dEy sesronced | 6cca00,000347
30009 | oyc0039,08893,5 Ioacoo0cag | ojs00c0 coeigt
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LOGARITHMICA a5
Tabulsiivoeutioni Logarishmorura dafirsienr.

T o0 Tocoet oy000 Y H ' . e
2 B e |ommme 1 @ | want 12 significant digits
3 eFTI T2 Tos003 o,00001,30286,4
4 ».::;;m;:zrj recon v,mvwazm: o
Hl oo = (=5 S
i |lesssn mo |v=vns” | @ | have an approximation scheme that
7 u.uyu::u:;x oer ©,00808,08995,5
3 ey92308,99805,9 sesol ,550e3,47421,7 H .
b o = (& provides 14 digits
1 | eequipanting e000et | o,00000,04343,9
12 | cersis ey IO R e
1| exusgaz 3000005 | 5,00000,13028.
b = ==
15 | orsepizpges B 1emoces | eescontrigy G
s T [T
1 | amesntams omey | escecieqony
B | oasmniono tosc0cl | o,00000,34743,4
1 | sarkrsteegs Bsmasey | eesen,ipetd3
tor | oeepsnrizng 10000008 | 00000004343
w2 | oeodSeorr, 3000003 | 0,00000,05868,5
xe3 | @orzBrzaagzr 1000s053 | o,00000,01302,9.
o | serrenasine 0000004 | 6,50000,01737,2
105 Tosoosef | o,00000,c2i71L,5
18 | eyardo,slsnd 10000e6 | ¢)00000,c2801,8
w7 | oeih iz Toooceo7 | o,0000,23040,8
108 | 653348375548 10000298 | &, 00000,03474,4
109 ©O3THL04979x4 Foous00g | o,e0me0,03908,8
Tesx | eoeoii oyt tossosser | oeceancondsh
oo | o008l rratry 10%00602 | 0,00800,50086,5
o S=EE = ISy
100y | spocrzyznatys sosseceny. | cpeaeccsorrs,y
toof | o,00215,50657,8 B Toteocoof | o,oceen,coarzr T
1006 | euezsyghena o "
3007 | ©,00303,04705,5 B000000C7 | 0,00000,00704,8
1c08 | 9,08346,65331,1 60080608 | o,00000,00147,¢
a0y | o003bg,11062,4 Toocsoeey | 2,5u050,00395,3
S |y
= : el
Taoe} | 6,00013,02688, 1 Teoosaceod | o,00000,000T3,0
Tooeq | 00901736830, Tooeooceos | v,00000,00017,4
s e
Tasof | e,00026,04985,5 Toomeeceed | ©,00000,00026,1
=55 o=
o] [ i e
30009 | oyc0039,08893,5 Ioacoo0cag | ojs00c0 coeigt
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LOGARITHMICA
Tabulsiivoeutioni Logarishmorura dafirsienr.

T jom Toooer
2| opeassss meoss | oe00se,8kTio
3 47T, 54T, tos003 0,008,
4 ©,60205,999°3 .3 recon ©,00001,73714,3
H e rowees | seseizignd F
£ o,7781g, 5038 A 1oe X orsh,e
7 | cdaressopsen Tooay | cocsotolgany
3 ©92308,59%9,9 seescl EIT474RT
9 | ooredarohd Toocy | ooumsgobeng
| oeprpantims awooost | 00000043439
12 o,07918,12460,5 icasesa | cece,olsipg
13 0113943552551 1000003 | ,00000,13028,
P o35, teoscst | mossseytzszry
15 | orsepizpges B semocap | messseptizgy G
199828,6 1000008 | ©,90000,26057,6
7 | smenbant fressees e
® | sassraem,e tocooch | o,00000,34743,4
19 | sarlzrseens acoacey | 0000035083
el B s i 36060001 | e,00000,00434,3
2 0,0171746 Te0c0aed | 5,008,086
103 12B1,73247,T 1000s053 | o,00000,01302,9.
To4 ©01793,33393,% Tooeeong ©,00000,01737,3
15 5 Sovoceof | o cosco,carzryy A
18 | eyrarae,siesnd 1000006 | o,00000,02805,8
107 | ozt soooceer | o,00s0m,e304e,
108 | oIS Tesocash | o 0000003474,
103 o0uc00p | aysenes,o3gek
Ll B aicad osemotoX | oeedan,coods,f
o2 | o0008,77285,3 100000502 | 0,00060 oo0ls,y.
100y | somstnestiea 16500603 | e,00020,00139,5
100y | spocrzyznatys sosseceny. | cpeaeccsorrs,y
toof | 00816,80517,6 tososacs | coceementzys T
1006 | gyeearsghora 159 oypsoe,catfo
woa7 | aociaggze oy0sses,catone
1c08 | 9,08346,65331,1 60080608 | o,00000,00147,¢
amcy | opoagt tooceoseg | <,aueun,0adpe,p
2800 | 5090043 Tosoageat | e,c0cec,ca00q,3
xo002 | 000008, d85ca, 1 Tocosucoea. | oeeces,sacchy
Taces | epocorsonst,x Toocssono] | o,000c00mcrs0
aoced | oo5017,30830,8 soosoocsas | wazaesecizg.
s000f | ceuestzeotey E Tocaoucoos | ejo00c0,cccary K,
usof | #,00026,04985,5 1o0msecees | o c000a,00016,1
10007 | ©,00930,3%97,8 o @,00m0,50030,4
10208 | o, oma34 23869 Tosmsoosed | o,00008,000347
30009 | oyc0039,08893,5 Ioacoo0cag | ojs00c0 coeigt

J. Le Maire, F. de Dinechin and J.-M. Muller

| want 12 significant digits

| have an approximation scheme that
provides 14 digits

@ or,
y = log(x) £ 107"
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LOGARITHMICA a5
Tabulsiivoeutioni Logarishmorura dafirsienr.

T oo Toooot a0 y . e )
2 B e |ommme 1 @ | want 12 significant digits
3 et usATA roco3 o,00001,30286,4
4 »ﬁmrm’?r.l recon v,mvwam,: -
, « = == . .
i |lesssn = s " 1 @ | have an approximation scheme that
3 n."f”u: ’%x Xnmm: ©,00808,08995,5
R o e = = - -
S = (= provides 14 digits
o | et .
3 || SEEE = |
[ et ean s pus % @ or,
" D'::m;,“,f o tsocsh | eoeeon,izizrg - 14
15 | ox6ep,: 1esoeay | 5,00000,207347 — -
16 | oanqirgpiasg 1009008 | o,00000,20057,6 y = |Og(X) + 10
1 | amesntams peosen me
% 0,27 §27,2f0f 1,0 1cecoch ©,09000,34743,4
19 | sarbrrateon.s aceasey | egvace,ipels,y “ " i
P PO woss | | @ Usually” that's enough to round
w2 | oeodSeorr, 3000003 | 0,00000,05868,5
xe3 | @orzBrzaagzr esesaed | o,00000,01302,9.
1o | oearesazimne 10000004 n.men_um,,:ﬁ 14
105 oyoattl 97 Toceosef | 0,00000,6217L,§ -
EAl poeinernd ool Wvoeritc Y = X, xxxxxxxxxxx17 = 10
w7 | oeih iz Toooceo7 | o,0000,23040,8
108 | 653348375548 10000298 | &, 00000,03474,4
19 | oesrensigTy xo0us009 | o,c0m5m,03908,6 14
PR P 3 osenster | oesban y =
| st s | ooty ¥ = X, xx00xxxxxx83 + 10
=28 = ==
1ong | operzysmiats sosseceny. | cpeaeccsorrs,y
1o0f | o w6 D prevsses Y Pty
1026 | ouuzsyTefana ©,08090,00160,6.
ase7 | o00303,94708,5 B000000C7 | 0,00000,00704,8
1c08 | 9,08346,65331,1 60080608 | o,00000,00147,¢
a0y | o003bg,11062,4 Toocsoeey | 2,5u050,00395,3
s | spmongs ] —
food : ===
Tace3 | 6,60013,03588,1 Tooosw0003 | 0,00000,00013,0
Tooeq | o,00017,36830,6 Tooeooceos | v,00000,00017,4
= Ele==ra
Inm0f | o,00028,04988,5 Toomeeceed | ©,00000,00026,1
e e
== =|e==s
30009 | oyc0039,08893,5 Ioacoo0cag | ojs00c0 coeigt
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LOGARITHMICA a5
Tabulsiivoeutioni Logarishmorura dafirsienr.

L P e |ommme 1 @ | want 12 significant digits
3 SATTIR1AT4T,2 106003 ©,80081,3
4 ».::;;m;:zrj recon v,mvwazm: -
H 000 P o ounnd,irig . B
i |lesssn mo |v=vns” | @ | have an approximation scheme that
7 a.uw;:h:;x = e.ces08,03995,5
8 ©32308,99500,9 devee! ©,08003,47421,7 H 101
D || = (= provides 14 digits
o | et .
Pl ot = =5
5 | e sesoey | eioyoats @ or,
bl ’n:;”";:i B doescol SRS ITIT,T ¢ 14
15 o,17609,1 1ssacag 8062 TTT4,T —_ -
| o il Yo y = log(x) £ 10
R pestor eeset oossar | eyoscony
B | oasmniono 00008 | 0,00000,34741,4
13 | sarknatoss Bsmasey | eesen,ipetd3 “ " y
3 flozrmam woss | | @ Usually” that's enough to round
w2 | oeulGoizirg 10000002 | 5,00000,00868,6
xe3 | @orzBrzaagzr esesaed | o,00000,01302,9.
To4 ©,01793,333952% 100g90eq. Wn_uﬂ;),iﬁ 14
108 | owatthgispod Toseceef | o,00000,0a175,5 -
EAl poeinernd ool Wvoeritc Y = X, xxxxxxxxxxx17 = 10
[y ey Toc0co07 | o,00000,03045,1
108 | 63340175509 aec0cack | 6,00900,034708
| oearendiszat xooueo0g | ozemee,53358,5 14
o epeeglgorrnk Nestmoiex I = -
| st s | ooty ¥ = X, xx00xxxxxx83 + 10
ol e = ISy
ooy ﬁﬂmn 1o00ecceq | o0aec0,00173,7 .
= e .
1t | oo vt |chmais© | @ Dilemma when
3007 | ©,00303,04705,5 ECU0000CT | 0,05000,60304,8
1c08 | 9,08346,65331,1 60080608 | o,00000,00147,¢
Tacy | ©,00389,11062,4 1oocecsey | £,00000,00395,9
—14
st | assousgirss ] P, ¥y = X, xxxxxxxxxxx50 £ 10
0002 | o,00008,68503, 1 10000002 | o 0000z,ca0ck )
Taoed | e0cor3,easts, 1 Toocsesca3 | aoscecouetre
Tooeq | 00901736830, Tooecncood | ©,00000,30017,4
s e,
Tasof | e,00026,04985,5 Toomeeceed | ©,00000,00026,1
=55 =i
o] [ i e
30009 | oyc0039,08893,5 Toaceccag | oj00ce,cooig,!
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LOGARITHMICA

Tabulsiivoeutioni Logarishmorura dafirsienr.

o goTeR39956,6

cuzbsg,ages 8 A
oti5ep, gt
ei9e308,95%3,9
9542420944

| oeprpantims
12 2,079 18,12460,8
13 | s
4 0414412, 80355,8
5 o,1760p,12590,6 B
16 | ongingetans
” 2304892138
| sasmraree
19| sarkyssenns

w0 | oeedsnrmng

104 | se7enizne

108 | e,0ar30,58652,6
17 | o393zt
18| 08334375540

©oITALTAT I

tear | ooeg3gerrak
102 | o000t 773153

10007 | oj00530,3%997,8
25208 | o sm03412360,9
30009 | oyc0039,08893,5

roscocncay

oy00000,£3435,2
oyease;Sobtio
oyson0t,y
0400008,73704,3
cyesand,rigsd F
o erely
Guossnd0igar,s
ey
orceonsgobr,g

“eone o3y
ypaces,olilyy
3

©,09900,34743,4
©405000,19586,3.

j00000,00434,3
2,00000,0586856
000000013039,
p0cenarzsz,
o,00000,62171,5
Jletensgeyiny |
o,00900,53545,1
&,00000,03474,4
©,200%0,73358,6

ervstaszends b
oyueses,coniey
oyeonco,00tto T
apoasas,zarzy,y
eoosecearz,t
Ojossse,cetso s

0,05900,50368,0
0,08000,00347,¢.
umess,0a390g

,00200,30034,7
0,20050,00839,1

@ | want 12 significant digits

@ | have an approximation scheme that
provides 14 digits

@ or,
y = log(x) £ 107"

@ “Usually” that's enough to round
¥ = X, x00000000x17 £ 1071

Y = X, Xxx000000xxx 83 £ 10"

@ Dilemma when

y = X, x000000000¢50 &+ 107

The first table-makers rounded these cases randomly,

J. Le Maire, F. de Dinechin and J.-M. Muller

and recorded them to confound copiers.

Computing correctly rounded logarithm with fixed-point operations



two consecutive floating-point
numbers

1 1
| | | real numbers
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two consecutive floating-point
numbers

T
o

1
| real numbers

computed logarithm, with error margin

y = X, xx000000xxx 17 £ 1074
Easy to round
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two consecutive floating-point
numbers

0

| ' | real numbers
computed logarithm, with error margin

y = x, x00000000x50 £ 10714
Difficult to round
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two consecutive floating-point
numbers

I o] I | I

AT 1
| | | real numbers

computed logarithm, with error margin

y = X, 0000000004996 £ 10716
Computing more accurately solves it
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two consecutive floating-point
numbers

1 1
| | | real numbers
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two consecutive floating-point
numbers

1 1
| | | real numbers

@ Vx € IF,In(x) is transcendental

@ There is a finite number (254) of floating-point numbers.
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two consecutive floating-point
numbers

Rl 1
| | | real numbers

computed logarithm, with error margin

@ Vx € IF,In(x) is transcendental

@ There is a finite number (2°4) of floating-point numbers.

@ One of them is the worst to round
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two consecutive floating-point
numbers

Rl 1
| | | real numbers

computed logarithm, with error margin

@ Vx € F,In(x) is transcendental

@ There is a finite number (2°4) of floating-point numbers.

@ One of them is the worst to round
@ Muller and Lefévre computed that it requires an accuracy of 27 113:

evaluating the log to this accuracy enables correct rounding
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two consecutive floating-point
numbers

¥ 1 1
| | | real numbers

computed logarithm, with error margin

Vx € F,In(x) is transcendental

There is a finite number (2%*) of floating-point numbers.

One of them is the worst to round
Muller and Lefévre computed that it requires an accuracy of 27113

evaluating the log to this accuracy enables correct rounding

but we don't need this accuracy for most cases
(and it is more expensive to compute)
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two consecutive floating-point
numbers

B 1 1
| | | real numbers

computed logarithm, with error margin

Vx € F,In(x) is transcendental

There is a finite number (2%*) of floating-point numbers.

One of them is the worst to round
Muller and Lefévre computed that it requires an accuracy of 27113

evaluating the log to this accuracy enables correct rounding

but we don't need this accuracy for most cases
(and it is more expensive to compute)
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CRLibm refinement of Ziv's technique:

@ First step: quick-and-dirty evaluation of In(x)
(just accurate enough to ensure correct rounding in most cases)

@ test if rounding can be decided

@ if not (rarely), recompute In(x) with the worst-case accuracy
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CRLibm refinement of Ziv's technique:

@ First step: quick-and-dirty evaluation of In(x)
(just accurate enough to ensure correct rounding in most cases)

@ test if rounding can be decided

@ if not (rarely), recompute In(x) with the worst-case accuracy

Trade-off between first and second steps:

MeanTime = Time(Ist step) + Pr[need 2nd step] - Time(2nd step)
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CRLibm refinement of Ziv's technique:

@ First step: quick-and-dirty evaluation of In(x)
(just accurate enough to ensure correct rounding in most cases)

@ test if rounding can be decided

@ if not (rarely), recompute In(x) with the worst-case accuracy

Trade-off between first and second steps:

MeanTime = Time(Ist step) + Pr[need 2nd step] - Time(2nd step)

Best so far: Time(2nd step) ~ 10 x Time(1st step)
In this work we improve this to a factor 2.
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One algorithm, many variants

J. Le Maire, F. de Dinechin and J.-M. Muller

Computing correctly rounded logarithm with fixed-point operations
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Filter special cases (negative numbers, oo, ...)
Argument range reduction

Polynomial approximation

Solution reconstruction

Error evaluation and rounding test

AN T o

If more accuracy needed:
Rerun the steps 3 and 4 with the worst-case accuracy.

J. Le Maire, F. de Dinechin and J.-M. Muller Computing correctly rounded logarithm with fixed-point operations 14



s E fraction x € [0,1)
(11 bits) (52 bits)

Value represented:
(-1)° 25 (14 )
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s E fraction x € [0,1)
(11 bits) (52 bits)

Value represented:
(-1)° 25 (14 )

Special cases (£00, 0, NaN) encoded in special values of the exponent
field
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/* reinterpret x to manipulate its bits more easily x/
uint64_t xbits = ((union { double d; uint64_t u; }){x}).u;
int xe = xbits >> 52;

/+ filter the special cases: !(x is normalized and 0 < x < +Inf) =
if (Ox7FEu <= (unsigned)xe — 1lu) {

/* x = 4— 0: raise a DivideByzero, return —Inf x/
if ((xbits & ~(1ull << 63)) = 0) return —1.0/0.0;
/* x < 0.0: raise a InvalidOperation, return a gNaN x/
if ((xbits & (1ull << 63)) != 0) return (x—x)/0;
/% x = gNaN: return a gNaN
x = sNaN: raise a InvalidOperation, return a gNaN
x = +Inf: return +Inf %/
if (xe != 0) return x+4x;
/% x subnormal: change x to a normalized number x/
else {

int u = clz64(xbits) — 12;
xbits <<= u + 1;

xe —= u;

}
/* X = 2"xe x (xbits/2752) %/
xe —= 1023;

xbits = (xbits & OxFFFFFFFFFFFFFull) + (UINT64_C(1) << 52);

J. Le Maire, F. de Dinechin and J.-M. Muller Computing correctly rounded logarithm with fixed-point operations 16



J. Le Maire, F. de Dinechin and J.-M. Muller

input = 2F - (1 + x)
In(input) = E -In(2) +In (1 + x)

Computing correctly rounded logarithm with fixed-point operations
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input = 2F - (1 + x)
In(input) = E -In(2) +In (1 + x)

Evaluation algorithm:

@ approximate In (1 + x) with a polynomial p(x)
degree needed: at least 26

@ evaluate E - In(2)
@ add both terms

J. Le Maire, F. de Dinechin and J.-M. Muller Computing correctly rounded logarithm with fixed-point operations 17



52 bits
NI

. fractional part on
1+X' |1THHHHHHHHH |11

LILILLILl] |
X1
nvy: bHHHHHHHHH

@ A table, addressed by the x; most significand bits of x, stores

invy ~ and  In(invy)

1+x

J. Le Maire, F. de Dinechin and J.-M. Muller Computing correctly rounded logarithm with fixed-point operations 18



52 bits
NI

. fractional part on
1+X' |l\HH\HHHHHH\HHHHHH

X1
nvy: b\HHHHHHHH

1+ y: [oooood

0 -6

@ A table, addressed by the x; most significand bits of x, stores

invy ~ and  In(invy)

1+ x
@ Asinvy-(1+x)~1, define

invy - (1+x) =1+y
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. fractional part on 52 bits
1+x: |l\HH\HH\H\HH\HH\HHHHHHHHHHHH\H
X1
nvy: b\uu\uuuuu\
1+y: !1 \0\0\0\0\0HHHHHH\HH\HH\HH\HH\HH\HH\HHHHHHHHHH
0 -6

@ A table, addressed by the x; most significand bits of x, stores

invy ~ and  In(invy)

1+ x
@ Asinvy-(1+x)~1, define

invy - (1+x) =1+y

@ Then
In(1+ x) =In(1+4y) — In(invy)

J. Le Maire, F. de Dinechin and J.-M. Muller Computing correctly rounded logarithm with fixed-point operations 18



. fractional part on 52 bits
1+x: |l\HH\HH\H\HH\HH\HHHHHHHHHHHH\H
X1
Invy: buuuuuuuu\
. fractional part on 64 bits plus 6 implicit zeros
1‘|‘}/- !1 \0\0\0\0\0HH\H\HH\HH\HH\HH\HH\HH\HH\HHHHHHHHHH
0 -6

@ Extract the index xq

@ Read, from a table addressed by x;, both inv, and In(invy)
@ compute y = inv, - (1 +x) —1 (exactly)
°

approximate In (1 + y) with a polynomial p(y)
Degree needed: 8

add it all:

In(input) =~ E-In(2) + p(y) — In(invy)

J. Le Maire, F. de Dinechin and J.-M. Muller Computing correctly rounded logarithm with fixed-point operations

19



. fractional part on 52 bits

1+x: |lHHHHHHHHH\HH\HHHHHHHH\HHHHH
X1
i . fractional part on 18 bits
nvy: b\uuuuuuuu
1_|_y: |1 00000 fractional part on 64 bits plus 6 implicit zeros
|t ettt b R RN R NN RN NN RN
0 -6 -64 -70

With a 53-bit 1 + x we can tabulate inv, on 18 bits:
@ the exact product would need 71 bits
@ but we can predict the 7 leading bits

@ ... so we can let them overflow quietly and use a 64 x 64 — 64
multiplication.

J. Le Maire, F. de Dinechin and J.-M. Muller Computing correctly rounded logarithm with fixed-point operations
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@ There are reciprocal approximation instructions in most recent
processors, including this pentium.

@ Computing y = inv, - (1 4+ x) — 1 exactly requires an FMA, or
double-extended, or a bit of double-FP arithmetic

J. Le Maire, F. de Dinechin and J.-M. Muller Computing correctly rounded logarithm with fixed-point operations
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. fractional part on 52 bits
1+X'|lH\HH\HH\HH\HH\H\HHHHHHHHHHHH\
X1
invx: E fractional part on 8 bits
. fractional part on 60 bits including 5 zeros
1+y' h’opwowowowuuuuuHH\HHHHHHHHHHHHHHH\HHHH
Y1
invy: E fractional part on 15 bits
1+ 2z hboooooooooo fractional part on 64 bits plus 11 implicit zeros
H s add el e ettt o R R RN NN RN
0 -11 -64
x €[0,1)

ye [0 2—5.41503)
07 2—11.8262)

ZG[

x1 takes 64 different values
y1 takes 96 different values

Again, the whole reduction of x to z is computed exactly in 64-bit int.

J. Le Maire, F. de Dinechin and J.-M. Muller
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/x* X = 2"xe x (1/R) * Y,
with Y = y/27(52 + ARG_REDUC_1_SIZE)
and 1/R = argReducl[ri].val/2"ARG_REDUC_1_SIZE x/
uint8_t ri = (xbits >> (52 — ARG_REDUC_1_PREC))
~ (1u << ARG_REDUC_1_PREC);
uint64_t y = ARG_REDUC_1_GETVALUE(ri) x xbits;

/Y =(1/S) = (1 + dZ),
with dZ = dz/27(52 + ARG_REDUC_1_SIZE + ARG_REDUC_2_SIZE)
and 1/S = argReduc2[si].val/2"ARG_REDUC_2_SIZE x/
uint8_t si = (y >> (52 + ARG_REDUC_1_SIZE — ARG_REDUC_2_PREC))
— (1u << ARG_REDUC_2_PREC);
uint64_t dz = ARG_REDUC_2_GETVALUE(si) x vy;
// the integer part of the fixed—point is removed by overflow

J. Le Maire, F. de Dinechin and J.-M. Muller Computing correctly rounded logarithm with fixed-point operations
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Answer is: diminushing return.

For a target accuracy of 270:
| | interval of x | degree needed |
No reduction -1/2,1/2] 29
1 level —2- 7 277 7
2 levels —2-12 -1 4
3 levels —2~18 o—18 3

Adding more levels will cost more operations than it saves...

J. Le Maire, F. de Dinechin and J.-M. Muller Computing correctly rounded logarithm with fixed-point operations



| have been strongly encouraged to Alt-Tab to other irrelevant slides...

Arith 2007 “Return of the hardware elementary function”

@ Iterate on the same range reduction

@ Stop as soon as Taylor at order 2 is good enough:
p(z) = z — z?/2 because it is very easy to compute

@ Build ad-hoc rectangular multipliers

@ No need to tabulate 1/(1 + x;) when x; is small enough.

J. Le Maire, F. de Dinechin and J.-M. Muller Computing correctly rounded logarithm with fixed-point operations
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Back to our business.
We want to approximate log(1 + z) on an interval around 0.
Use the (now standard) tool set to obtain it.

@ Sollya:

o finds a machine-efficient polynomial P(z)
o computes a safe bound on the approximation error P(z) — In(1 + z)

@ Gappa: bounds the accumulation of rounding errors
when evaluating P(z) in C

We obtain a Coq proof of the error:

computed approximation of In(1 + z),

/ with error margin
| |

real numbers
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/* Polynomial approximation of log(1+Z)/Z ~= P(Z),
and evaluate ZxP(Z) x/
uint64_t p = UINT64_C(Oxffffffffffffffcd)
—(highmul(dz,
UINT64_C(Ox7fffffffff091895)
—(highmul (dz,
UINT64_C(0x55555509230fb34c)
—(highmul (dz, UINT64_C(0x3ff8f2ad563f0e19)
)>>IMPLICIT_ZEROS)
)>>IMPLICIT_ZEROS)
)>>IMPLICIT_ZEROS );
uintl28_t zpzpart = fullmul(dz, p);

Note that some of the shifts are inside the constants

J. Le Maire, F. de Dinechin and J.-M. Muller Computing correctly rounded logarithm with fixed-point operations
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input = 2°- (1+ x)

J. Le Maire, F. de Dinechin and J.-M. Muller
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input = 2° -

J. Le Maire, F. de Dinechin and J.-M. Muller

—— - (1+4y)

invy
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input = 2° -

J. Le Maire, F. de Dinechin and J.-M. Muller

(14 2)

invy inv,

Computing correctly rounded logarithm with fixed-point operations
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In(input) = e-In(2) + In(inv,™Y) + In(inv,™') + In(1+2)
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In(input) = e-In(2) + In(inv,™Y) + In(inv,™') + In(1+2)

e-In(2):

In(inv,™1):
In(inv, ™1):

P(z) ~ma +2):

sum:

11 0 -53 -117

“If we can predict the exponents, exponent bits are wasted bits”
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In(input) = e-In(2) + In(inv,™Y) + In(inv,™") + In(1+2)

e-In(2):

In(inv,™1):

In(inv, ™1):

P(z) ~ma +2):

sum:

11 0 -11 -53 -117

“If we can predict the exponents, exponent bits are wasted bits”
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/+* Compute part of the result that don’t depend on Z
(xexlog(2) + log(1/Ri) + log(1/Si)) */

uintl28_t cstpart =
fullimul (xe, log2fw_mid)
+ UINT128((int64_t)xe = log2fw_high, 0) // no full mul here
+ UINT128(argReducl[ri].log_hi, argReducl[ri].log_mid)
+ UINT128(argReduc2[si].log_hi, argReduc2[si].log_mid);

/* Assemble the two parts, compute the sign, mantissa and exponent
uintl28_t longres = cstpart + (zpzpart >> (11 + IMPLICIT_ZEROS));
uint64_t sign = — (HIl(longres) >> 63); // sign is 0 if result >
// if sign != 0, this is longres = ~ longres: it approximate the :
// to avoid the approximation, do: longres = ((int64_t)sign + long

longres "= UINT128(sign, sign);

int u = clz64(HI(longres)) + 1;
int exponent = 11 — u;
uint64_t mantissa = Hl(longres << u);

J. Le Maire, F. de Dinechin and J.-M. Muller Computing correctly rounded logarithm with fixed-point operations 29



e-In(2):

In(invy~1):

In(inv,™1):

P(Z) =~ In(1+ z):

sum:

11

J. Le Maire, F. de Dinechin and J.-M. Muller
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e-In(2):

In(invy™1):

In(inv,™1):

P(Z) ~ In(1+ z):

sum:

11 0 -11 -53 -117

e<(le])- 2717
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e-In(2):

In(invy™1):

In(inv,™1):

P(Z) ~ In(1+ z):

sum:

11 0 -11 -53

e<(le|+141).-2717
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e-In(2):

In(inv,™1):

In(inv, ~1):

P(z) ~ma +2): |

sum: | |

11 0 -11 -53 -117

e<(le]+14+1+P(z)-27%). 2717
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Simple technique: compute the two bounds of the interval,
and see if they round to the same mantissa
(two additions, a xor and a shift)

real numbers
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Simple technique: compute the two bounds of the interval,
and see if they round to the same mantissa
(two additions, a xor and a shift)

T
o

real numbers
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Simple technique: compute the two bounds of the interval,
and see if they round to the same mantissa
(two additions, a xor and a shift)

Bl
o

real numbers

For comparison, the proof of the floating-point-based rounding test
(invented by Ziv and used in CRLibm) is an 18-page paper that took 20
years to publish...
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/+* Compute the maximal absolute error (aligned with longres)

If resultx(1 +— maxRelErr) are not rounded to the same number, we
uint64_t maxAbsErr = 3 + abs(xe)

+ (HI(zpzpart) >> (POLYNOMIAL_PREC + IMPLICIT_ZEROS + 11 — 64));

uint64_t maxRelErr = (maxAbsErr >> (64 — u)) + 1;

if (((mantissa + maxRelErr) = (mantissa — maxRelErr)) >> 11) {
return log_rn_accurate (cstpart, dz, xe,
argReducl[ri].log_lo, argReduc2[si].log_lo);

}

/* Assemble the computed result x/
uint64_t resultbits = ((uint64_t)sign << 63)

+ ((uint64_t)(exponent+1023) << 52)

4+ (mantissa >> 12)

+ ((mantissa >> 11) & 1); /* round to nearest x/
return (union { uint64_t u; double d; }){ resultbits }.d;
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@ Use 3 words instead of 2 for the precomputed log

@ Use a much more accurate polynomial:

o with coefficients on 128 bits instead of 64
(but z is still only a 64-bit number)
o and using a higher degree polynomial

J. Le Maire, F. de Dinechin and J.-M. Muller Computing correctly rounded logarithm with fixed-point operations
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Results

J. Le Maire, F. de Dinechin and J.-M. Muller
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Table size (bytes) | degree 1st | degree 2nd

39,936 3 5

12,288 3 6

4,032 4 7

2,240 4 8

2,016 4 9

900 5 10

594 6 12

298 7 14

J. Le Maire, F. de Dinechin and J.-M. Muller Computing correctly rounded logarithm with fixed-point operations
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glibc | crlibm-td | crlibm-de cr-FixP
degree pol. 1 3/8 6 7 4
degree pol. 2 20 12 14 7
tables size 13 Kb | 8192 bytes | 6144 bytes | 4032 bytes
% accurate phase | N/A 15 0.4 44
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Pentium timing
cycles MKL || glibc | crlibm | cr-de | cr-FixP
avg time 25 90 69 46 49
max time 25 11,554 642 410 79

Timing breakdown on two processors

cycles Core i5 | Bostan
System glibc | newlib
90 105
quick phase alone 42 94
accurate phase alone 74 181
both phases (avg time) 49 121
both phases (max time) 79 225

Slanted means: no correct rounding
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Improvement in the range reduction thanks to a wider format
... leading to improvements in polynomial degree and table size

°

°

@ Improvement in the rounding test

@ Improvement in the worst-case evaluation time
°

Probability to launch 2nd step is high,
but this is acceptable since 2nd step is so cheap

@ A branchless correctly rounded variant that is better than the glibc
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Bonus: a floating-point in, fixed-point out variant

J. Le Maire, F. de Dinechin and J.-M. Muller
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TKF91 : DNA sequence alignment algorithm
@ dynamic programming algorithm:
alignment as a path within a 2D array.
@ borders of an array initialized with log-likelihoods

@ then array filled using recurrence formulae
that involve only max and + operations.

All current implementations of this algorithm use a floating-point array,
but
@ int64 + and max are 1-cycle, vectorizable, and exact operations;

@ absolute accuracy of initialization logs: up to 2742 with FP log, 2752
with FixP log.
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@ output: fixed-point, 12 bits integer part, 52 bit fractional part

I

integer part fraction

o faithful: target absolute accuracy 22

output absolute | table | Core i5 | Bostan
format accuracy | size cycles cycles
Fix64 2752 2304 24 66
Fix128 2-116 4032 60 179

| double (libm) || 2—% | | 90 | 105 |

@ Fix64 is the code of the first step only,
without the conversion to float.

o tweak: poly degree 3 only for abs. accuracy 27%°

@ Fix128 is the code of the second step only, without the conversion to
float.
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@ Improvement in accuracy measured
@ No noticeable improvement in performance
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Conclusions
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@ Competitive against state-of-the-art

@ 2nd step faster than other implementations
@ Possible to do only the second step

@ Better argument reduction

Limitations:
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@ Competitive against state-of-the-art

@ 2nd step faster than other implementations
@ Possible to do only the second step

@ Better argument reduction

Limitations:

@ Less portable than floating-point
@ No support for vectorization

@ Minimize latency, not throughput
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Going further with the logarithm
@ Computing the worst-cases for absolute precision
@ Finishing the Gappa proof (solution reconstruction)
@ Trying variant without the cancellations

@ Implementing the log in Metalibm

@ Comparing with the log already in Metalibm, or on other platforms
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Going further with the logarithm
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Going further with the logarithm
@ Computing the worst-cases for absolute precision
@ Finishing the Gappa proof (solution reconstruction)
@ Trying variant without the cancellations
@ Implementing the log in Metalibm
°

Comparing with the log already in Metalibm, or on other platforms

Going further with the fixed-point arithmetic
@ Having a log returning a fixed-point result (be it on two words)
@ Implementing other functions with fixed-point (sinpi, cospi)
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e-In(2):

In(inv,™1):

In(inv, 1)

P(z) ~m@a+2): |

sum: ‘

11 0 -11 -53 -117
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e-In(2):

In(inv,™1):

In(inv, 1)

P(z) ~m@a+2): |

sum: ]l floating{point fraction | ‘
1

1 0 -1 53 -117
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Jx X = 2°xe x (xbits/2752) x/
xe —= 1023;
xbits = (xbits & OxFFFFFFFFFFFFFull) + (UINT64_C(1) << 52);

/x X = 2"xe = (1/R) * Y,

with Y = y/27(52 + ARG_REDUC_I_SIZE)

and 1/R = argReducl[ri].val/2 ARG_REDUC_1_SIZE */

uint8_t ri = (xbits >> (52 — ARG_REDUC_1_PREC)) — (1u << ARG_REDUC_1_PREC);
uint64_t y = ARG_REDUC_1_GETVALUE(ri) * xbits;

/* Y = (1/S) = (1 + dZ),
with dZ = dz/27(52 + ARG_REDUC_1_SIZE + ARG_REDUC_2_SIZE)
and 1/S = argReduc2[si]. val /2 ARG_REDUC_2_SIZE x/
uint8_t si = (y >> (52 + ARG_REDUC_1_SIZE — ARG_REDUC_2_PREC)) — (lu << ARG_REDUC_2_PREC);
uint64_t dz = ARG_REDUC_2_GETVALUE(si) = y; // the integer part of the fixed—point is removed by overflow

/* Compute part of the result that don't depend on Z (xexlog(2) + log(1/Ri) + log(1/5i)) */
uint128_t cstpart = fullimul(xe, log2fw_mid)

+ UINT128((int64_t)xe * log2fw_high, 0) // dont need a full mul here

+ UINT128(argReducl[ri].log_hi, argReducl[ri].log_mid)

+ UINT128(argReduc2[si].log_hi, argReduc2[si].log_mid);

/* Polynomial approximation of log(1+Z)/Z ~= P(Z), and evaluate ZxP(Z) x/
uint64_t p = UINT64_C(Oxffffffffffffffca)
—(highmul (dz,
UINT64_C(0x7fffffffff091895)
—(highmul(dz,
UINT64_C(0x55555509230fb34c)
—(highmul (dz ,UINT64_C (0 x3ff8f2ad563f0e19))>>IMPLICIT_ZEROS)
)>>IMPLICIT_ZEROS)
)>>IMPLICIT_ZEROS);
uintl28_t zpzpart = fullmul(dz, p);
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/* Assemble the two parts, compute the sign, mantissa and exponent x/

uint128_t longres = cstpart + (zpzpart >> (11 + IMPLICIT_ZEROS));

uint64_t sign = — (HI(longres) >> 63); // sign is 0 if result > 0, and ~0 otherwise

// if sign != 0, this is longres = ~ longres: it approximate the absolute value (—a = ~a + 1)
// to avoid the approximation, do: longres = ((int64_t)sign + longres) ~ UINT128(sign, sign);
longres "= UINT128(sign, sign);

int u= clz64(HI(longres)) + 1;
int exponent = 11 — u;
uint64_t mantissa = HI(longres << u);

/* Compute the maximal absolute error (aligned with longres)

If resultx(1 +— maxRelErr) are not rounded to the same number, we need more precision x/
uint64_t maxAbsErr = 3 + abs(xe) + (HI(zpzpart) >> (POLYNOMIAL_PREC + IMPLICIT_ZEROS + 11 — 64));
uint64_t maxRelErr = (maxAbsErr >> (64 — u)) + 1;
if (((mantissa + maxRelErr) = (mantissa — maxRelErr)) >> 11) {

return log_rn_accurate (cstpart, dz, xe, argReducl[ri].log_lo, argReduc2[si].log_lo);

}

/% Assemble the computed result */
uint64_t resultbits = ((uint64_t)sign << 63)

+ ((uint64_t)(exponent+1023) << 52)

+ (mantissa >> 12)

+ ((mantissa >> 11) & 1); /x round to nearest */
return (union { uint64_t u; double d; }){ resultbits }.d;
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